We propose a non grid-based interpolation scheme based on the information from the data collected from the vicinity of the query point. As a non-grid-based interpolation, the data points can be distributed randomly in a small region, and the interpolation is constructed so that it naturally makes use of the information not only on the function value but also on its higher order derivatives. The main advantage of the present approach is that the precision of the interpolation can be adjusted in accordance to the quantity of the data, in other words, a balance between the precision and the computational cost can be achieved by properly choosing the size of the neighborhood where the data points are collected. The method is applicable to univariate as well as multivariate functions. We show that the proposed scheme is efficient and precise. The present approach is then employed to study the eigenvalue problem.
I. INTRODUCTION
In physics, eigenvalue problem is associated with many important practical applications. To name a few, in the classical mechanics, small oscillations of a system about the equilibrium is treated as superposition of normal modes via the characteristic equation for the frequencies; in quantum theory, the atomic spectra can be obtained by solving the time-independent Schrodinger equation; in general relativity, the stability of a black hole metric is studied by investigating the temporal evolution of small perturbations known as quasinormal modes. All of the above examples are closely related to the eigenvalue problem. However, owing to the mathematical difficulties, one usually has to resort to numerical approaches, and therefore, various methods were proposed.
In this work, we propose a non-grid-based interpolation approach. The interpolation is based on Taylor series, and is constructed by using the information of a set of randomly scattered data points. We investigate the precision as well as efficiency of the proposed method, by comparing our results to those obtained by standard procedures of MATLAB or Mathematica. The present interpolation scheme is then employed to discuss the eigenvalue problem. The paper is organized as follows. In section 2, the basic framework of the proposed interpolation method is presented, and a few applications are discussed in section 3. In section 4, we employ the proposed interpolation scheme to study differential equation and the eigenvalue problem. Section 5 is devoted to discussions and conclusions.
II. A NON GRID-BASED INTERPOLATION SCHEME FOR SCATTERED DATA POINTS
In this section, we propose an interpolation scheme by making use of data points in a small vicinity of the query point. Here the data points in question can be scattered, and therefore they do not necessarily sit on the vertices of any regular grid. The Taylor series [1] for a multivariable function
In the special case of a bivariate function, the above series read
and for a univariate function, it is simply expressed as
Since our goal is to carry out an interpolation based on the information of a set of N scattered points distributed in a small neighborhood, let us apply the above Taylor series N times to each one of the data points around query point. The results can be written in a form of matrix product as follows
where F and D are N × 1 column vectors and M is a N × N matrix. F contains the information from N data points, D contains values of the function f and its derivatives at the query point and the i-th line of the matrix M consists of different power functions of the coordinate relative difference between the i-th date point and the query point. For instance, consider a bivariate function f (x, y), and the data points are the function values at coordinates (x i , y i ) with i = 1, 2, · · ·, F , D and M can be written down as follows:
In particular, for a univariate function f (x) and N = 4, one has Table I , and the filled red circles correspond the points in Table  II .
III. PRECISION AND EFFICIENCY OF THE METHOD
Because the information on all the data points are expressed in terms of Taylor series by Eq.(2.4), it is expected that the present interpolation scheme inherits the efficiency of any method which is also based on Taylor series. In what follows, we study the precision of the method by applying it to few examples. First, let us consider a bivariate function f (x, y) = sin(xy 2 ). We randomly sample 21 points in the region 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1, and use the function value at those points to calculate all first order partial derivatives of f (x, y) using the proposed interpolation scheme. The results are shown in Table I of 21 points, one can only expand the function up to its fourth order partial derivatives. However, we find that the resultant precision is reasonable, provided that these few sampled points were obtained randomly.
In the second example, we apply the method to further evaluate the function and its partial derivatives at any given point. We made use of the same information of the above 21 point, and evaluate the function value as well as the derivative
∂x∂y at the rectangular grid points shown in Fig.1 , the results are presented in Table II . wheref and ∂x∂y by using the proposed interpolation scheme,f andf xy are those obtained by the analytic expressions, and ∆f ∆f xy are the relative difference between the exact and the numerical values.
In the following example, we employ the interpolation method to find the extrema of an unknown function. This can be achieved by solving the linear equation where the interpolated first order derivative equals zero. Let us consider the Jacobi elliptic function, sn(x| 1 3 ). Our goal is to find the extreme between (1, 7) by using the function values at 7 points distributed evenly between the above interval. The function possesses two extrema in the interval, a maximum at 5.20175 and a minimum at 1.73392. Comparing to the results obtained by evoking the "Polynomial" command of Mathematica, 5.1633 and 1.9322, the relative differences are −0.007392420.114378. Our interpolation scheme gives 5.15693 and 1.66738, the relative differences are −0.00900098 and −0.0383723, which are reasonably good.
As another example, we show that the proposed method also can be carried out when the values of the derivative of an unknown function are given at some points. Let us assume that the function f (x) = (x − 1) sin(x) sin(x −2 ) is unknown, but its values at x = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 are given. In addition, it is provided that the extreme are at the following three points x 0 = 1.77251, 4.55625, 7.74447. Our goal is to evaluate the values of the function at the above three points. In this case, we are provided by some additional information on the derivative of the function. As discussed by the end of section I, we can make use of these information by adding three more elements, namely, three zeros correspond to the first order derivative at those extrema, to the column vector 
IV. APPLICATIONS IN DIFFERENTIAL EQUATION AND EIGENVALUE PROBLEM
In numerical computation, many methods have been proposed to solve differential equation. To this day, to further improve the precision and the efficiency in solving differential equation still remains as a challenging as well as compelling topic to the community. Differential quadrature method (DQM) [3] was proposed in the 70s by Bellman and Casti, it is used as one of the widely recognized methods for numerical differentiation. The method proposed here is able to achieve the same precision and efficiency of the former, as shown below.
To apply the proposed method, first let us revisit the Taylor series of
Now, let us interpret the above expression from its right hand side to the left hand side, in other words, to view the function f (x) as well as its derivatives at a given point x 0 as linear combination of function values at (x 1 , · · · , x N ). In order to solve the differential equation, we adopt the assumption that the Taylor series expansion is valid in the domain of interest 1 . Then, one divides the domain of the function by using regular grids, or when it is necessary, scattered points. These grid points as well as the boundary are associated with the above-mentioned points (x 1 , · · · , x N ) on the right hand side of Eq.(4.1). By substituting the left hand side of Eq.(4.1) into the differential equation, one finally obtains a linear equation in terms of the function values at (x 1 , · · · , x N ). Since the resulting equation is valid for any point in the domain, we can choose N different points for x 0 at will and solve the problem by methods of linear algebra.
As an example, let us solve the differential equation f ′′ (x) + sin 3 (x) = 0 with the boundary conditions f (0) = 3 and f (1) = 2. In this example, we discretize the interval [0, 1] by using a total of 14 uniformly distributed points, and solve the corresponding problem in linear algebra involving 14 linear equations. The results are shown in Table  III where exact solutionf is compared to the numerical solutionf , the proposed method has achieved a very high precision. Now we are in a position to apply the proposed method is to the eigenvalue problem. Without loss of generality, we present the procedure by solving the stationary solution of one-dimensional Schrodinger equation. As in the above scheme for solving differential equation, by properly discretizing the domain of the unknown function, one obtains an array of linear equations in terms of the function values at N grid points. The key characteristic of the eigenvalue problem is that resultant linear equations are homogeneous, so that it can be written into the form
where φ is a N × 1 column vector consists of the function values at N grid points, and M is a N × N matrix and ω is the eigenvalue. This implies that det(M (ω)) = 0, where det(M (ω)) is a polynomial of ω with known coefficients. As a first example let us consider the one dimensional infinity potential well. The corresponding eigenvalue equation reads
where the eigenvalues are known to be ω n = nπ. Let us again consider a total of 14 uniformly distributed grid points in [0, 1] and then solve the polynomial equation for ω numerically. We obtain the following real eigenvalues 3.14159, 6.28319, 9.42387, 12.5465. We conclude that the resulting precision is reasonably good and it is higher with smaller n.
In the second example, we study the Schrodinger equation with the Poschl-Teller potential defined as follows:
where the eigenvalues are known to be E n = V0 2 (k + λ + 2n). Here we assume α = π 2 , and solve the eigenvalue problem with the proposed method, and compare the exact valuesĒ n with the numerical resultsẼ n in Table IV . We (k, λ) see that reasonable precision is obtained.
Let us consider another example of the following trigonometric potential
with the following known analytic eigenvalues
where A = 2m0 2 . For simplicity, we choose α = A = 1, and compare the exact valuesĒ n with the numerical results E n in Table V . We again arrive the conclusion that the proposed method yields satisfactory results.
V. DISCUSSIONS AND CONCLUSIONS
In this work, we propose a non-grid-based interpolation scheme based on the information on the data in the vicinity of the query point. As a non-grid-based interpolation, the data points do not have to be distributed uniformly in the sampling area. Therefore, a very important feature of the proposed method is that the interpolation is not restricted to the data sampling process and as a matter of fact, the precision of the interpolation can be adjusted in accordance to the quantity of the data. We applied the method to differential equation as well as to the eigenvalue problem.
There are many other applications of the eigenvalue problem. As discussed above, the study of small perturbations of black hole, known as quasinormal mode, is one of such problems. And due to its implication in general relativity and particle physics, it has aroused increasing interest of physicists in recent years. In this case, the eigenvalue is a complex number therefore the above method cannot be applied straightforwardly. Other applications include geometric measurements. In this context, due to practical restrictions, the proposed method may become quite advantageous since no rectangular grids are necessary. As a result, measurements can be carried out with much convenience as well as better precision. Such implementation is desirable and will be carried out in the near future.
